The off-shell dynamics of the O(3) nonlinear sigma-model is probed in terms of spectral densities and two-point functions by means of the form factor approach. The exact form factors of the Spin field, Noether-current, EMtensor and the topological charge density are computed up to 6-particles. The corresponding n ≤ 6 particle spectral densities are used to compute the twopoint functions, and are argued to deviate at most a few per mille from the exact answer in the entire energy range below 10 3 in units of the mass gap.
Introduction
The O(N) nonlinear sigma (NLS) models describe the dynamics of 'Spin' fields S = (S 1 , . . . , S N ) taking values in the N − 1 dimensional unit sphere and governed by the action
where g 0 is a dimensionless coupling constant. Classically it has two important symmetries: First the invariance under the action of the internal O(N) group rotating the spins, and second the invariance under spacetime conformal transformations. The QFT is thought to describe an O(N)-multiplet of stable massive particles, the mass scale being non-perturbative in the coupling constant [1, 2] . Thus, the first of the above classical symmetries is preserved, but the second is lost.
It may be worthwhile to briefly recapitulate the physical picture behind this phenomenon, which is most succinctly done in the lattice formulation. The action (1.1) is replaced by a discretized version on some finite L × L square lattice. The functional integral is then well-defined and can be approximately evaluated by means of Monte Carlo simulations. The continuum limit is taken by driving the system into a critical point. For the bare coupling constant it is generally believed that the only critical point is g 0 → 0. (See however [3, 4] for the possibility of a Kosterlitz-Thouless (KT) type phase transition for g 0 > 0.) There exist non-trivial spin configurations whose energy goes to zero as L → ∞ for fixed g 0 and which therefore in infinite volume are present at arbitrarily small g 0 . These so-called super-instanton configurations can be thought of being the "enforcers" of the Mermin-Wagner theorem [3, 4] . They disorder the spins, forbidding a spontaneous magnetization in two dimensions. In QFT language this means that the O(N) symmetry is unbroken and (in the absence of a KT-phase transition) the theory has a mass gap. It also means that perturbation theory (PT), known to be renormalizable in finite volume [1] , has infrared problems as it starts from a fictitious ordered ground state. Nevertheless for O(N) invariant correlation functions a result by Elitzur and David [5] guarantees that (using periodic or Dirichlet boundary conditions) the coefficients of the bare lattice PT expansion have finite L → ∞ limits. The bare PT expansion can then be converted into a renormalized one, and the renormalized one into an expansion in the running coupling constant, where the running is defined through the perturbative beta function [2] . It must be emphasized that all this can be (and is) done regardless whether or not the final expansion coefficients have any relation to, and significance for, the unknown exact correlation functions. The hypothesis of asymptotic freedom is that they do have. Namely, if one were given the exact correlation functions and tried to perform an asymptotic expansion in the running coupling constant (the running again defined by the perturbative beta function) the claim is: (i) this expansion exists and (ii) the coefficients obtained coincide with the ones computed in PT.
This is a mathematically precise statement which is either true or false. It is true that it is commonly believed to be true -though not everyone might wish to take this as a substitute for a proof. Indeed, the correctness of the claims (i) and (ii) has been challenged in a series of papers [3, 4] , stimulating some controversy [6] . Evidently the problem cannot be addressed within the perturbative frame. It is also difficult to even come close to conclusive results on the basis of Monte Carlo simulations alone; the presently available data cover only the energy range below 50m, where m is the mass gap of the model. This is far too low to study the elusive high energy properties. The purpose of this and an accompanying technical paper [7] is to study the off-shell dynamics of the O(3) NLS model via the form factor approach. Form factors in this context are the matrix elements of some local operator between the physical vacuum and some asymptotic multi-particle states.
In a QFT with a factorized scattering theory they can in principle be determined exactly by solving a set of recursive functional equations [8, 9] that use the exact two-particle Smatrix as an input. Once the form factors are known, off-shell quantities, e.g. two-point functions, can be computed by inserting a resolution of the identity in terms of multiparticle states. For models whose S-matrix is diagonal in isospin space, the resulting low energy expansion has been seen to converge rather rapidly [10, 11, 12] . Models with a non-diagonal S-matrix are technically much more demanding. However they also provide a much better testing ground for 4-dimensional QFT scenarios and deserve more dedicated attempts to gain insight into their exact off-shell dynamics.
In the O(3) NLS model we computed the exact form factors of the Spin field, Noethercurrent, EM-tensor and the topological charge density up to 6-particles. Their two-point functions are evaluated by means of a Källen-Lehmann spectral representation [13] . The n ≤ 6 particle spectral densities are argued to provide results for the two-point functions that differ only about 3 to 10 per mille from the exact answer in the entire energy range below 10 3 m − 10 4 m, depending on the quantity considered [14] . In the low energy range the agreement with the Monte Carlo data of Patrascioiu and Seiler [15] is excellent. At higher energies we compare with renormalization group improved 2-loop PT. Within the range considered 2-loop PT yields an (within 1%) accurate description of the system only for energies above 50m − 100m, provided one uses the known exact value of the Lambda parameter [16] to fix its absolute normalization. Based on the low energy Monte Carlo data alone, however, one would be tempted to maximize the apparent domain of validity of PT by tuning the Lambda parameter such as to match the relevant part of the Monte Carlo data. Doing this in the NLS model the Lambda parameter comes out wrong by about 10%. Generally speaking this emphasizes the importance to have an independent estimate for the onset of the (2-loop) perturbative regime. In the case at hand this is provided by the form factor results.
A major challenge remains the computation of the extreme UV properties of the model independent of PT. For the important case of a two-point function this amounts to summing up all multi-particle contributions to their spectral resolution. The short-distance asymptotics of the two-point functions is related to the µ → ∞ asymptotics of the corresponding spectral density ρ(µ). We approach the problem by taking advantage of a remarkable self-similarity property of the n-particle spectral densities: For large n and λ > 1 they appear to behave like
where m is the mass gap and γ, α are certain 'critical' exponents. Given ρ (n) (µ) for some initial particle number n, (1.2) can be used -without actually doing the computation (which for large N is practically impossible) -to anticipate the structure of all N > n particle spectral densities. We promoted (1.2) to a working hypothesis and explored its consequences. The results obtained and the status of the hypothesis may be surveyed as follows:
• It is a statement about the spectral densities of the exact theory at all energy scales.
• Its consequences for the UV behavior are consistent with PT.
• It produces new exact non-perturbative results like the normalization of the spin two-point function at short distances.
• It allows one to compute numerically the two-point functions at all energy/length scales.
The paper is organized in the following way. In section 2 we describe general features of the spectral representation of two-point functions and their asymptotic expansions. Applied to the O(3) NLS model we prepare various results on the four operators under consideration. The next section contains a summary of our results on the O(3) form factors, form factor squares and their properties, as well as an exact expression for the asymptotics of the n-particle spectral densities. The results on the two-point functions based on the n ≤ 6 particle form factors are described in section 4. The extrapolation to arbitrary particle numbers by means of the above scaling hypothesis is implemented in section 5, to be followed by brief conclusions.
Spectral representation of two-point functions

Spectral representation
The form factors characterize an (integrable as well as non-integrable) QFT in a similar way as the n-point functions do. Assuming the existence of a resolution of the identity in terms of asymptotic multi-particle states, the n-point functions can in principle be recovered from the form factors. In the important case of the two-point functions this amounts to the well-known spectral representation. For the Minkowski two-point function (Wightman function) of some local operator O one obtains in a first step
where F (n) (θ) = 0|O(0)|θ n , . . . , θ 1 are the form factors of O and P (n)
, with p 0 (θ) = mchθ, p 1 (θ) = mshθ are the eigenvalues of energy and momentum on an n-particle state.
1 The local operators are classified by various quantum numbers, in particular by their Lorentz spin s and their mass dimension ∆. It turns out to be convenient to parametrize their form factors in terms of 'scalarized form factors', which are functions of the rapidity differences only and carry quantum numbers ∆ = s = 0. For an operator with quantum numbers (∆, s) we shall use the parametrization with bilinear form x · y = x µ η µν y ν , η = diag(1, −1). Lightcone coordinates are
The antisymmetric tensor is ǫ 01 = −ǫ 10 = 1.
The normalization of the 1-particle states is θ 1 |θ 2 = 4π δ(θ 1 − θ 2 ), which corresponds to the standard normalization in d + 1 dimensions, specialized to d = 1. For simplicity we assume that all particles are of the same mass m and suppress internal indices in section 2.1.
where in the cases of interest L is a polynomial of degree ∆ ≥ |s| in the n-particle momenta
3)
The Wightman function (2.1), considered as a distribution, can then be obtained by differentiation
where W (x − y) is defined as the r.h.s. of (2.1) with
We shall refer to W (x) as the "scalarized Wightman function of O". Let us emphasize that in general W (x − y) can not be interpreted as the two-point function of some local (scalar) field; it is only a useful auxiliary function from which the physical 2-point function can be obtained through differentiation.
For many purposes it is useful to rewrite (2.1) in terms of a Källen-Lehmann spectral representation [13] . Changing integration variables according to
one obtains for the scalarized Wightman function
Notice that no problem of convergence arises for the spectral density. First, each nparticle contribution exists because, for fixed µ, the integrand has support only in a compact domain V (µ) ⊂ IR n−1 + in which the form factors are bounded functions so that the integration is well-defined. Viewed as a function of µ one observes that ρ (n) (µ) has support only for µ ≥ mn. Summing up the n-particle contributions to ρ(µ) therefore only a finite number of terms (those with n ≤ [µ/m], [x] being the integer part of x) contribute. Under some mild assumptions on the growth of ρ(µ) (for example it is sufficient to require that ρ(µ) is polynomially bounded in µ) the existence of the spectral density guarantees that of the 2-point function, as defined through (2.6). The integration kernel is given by
and coincides with the 2-point function of a free scalar field of mass m. We use the conventions of [17] for the Bessel functions. The differentiation (2.4) is a bit cumbersome in the general case; usually however one will be interested in the behavior at spacelike distances in which case only higher order modified Bessel function K n (m x ) arise. Alternatively one can use the Fourier representation of D(x; m) and write
On general grounds the Fourier transform of W O (x) must have support only inside the
Thus, up to kinematical factors the spectral density can also be viewed as the Fourier transform of the two-point Wightman function.
For comparison with perturbation theory one needs the time-ordered two-point function and its Fourier transform. Its spectral representation is easily read off from (2.6), (2.8)
where
The definition of I(z) has been chosen such that it has a cut along the negative real axis and one can recover the spectral density from the discontinuity along this cut
Conversely, disc I(z) determines I(z) up to a polynomial ambiguity.
The spectral representation of the Euclidean two-point function (Schwinger function) is obtained similarly. The Schwinger function can be defined by
for x 2 > 0 and then by analytic continuation to x 2 < 0. By construction it also coincides with the analytic continuation of G O (x). In a momentum space integral this formally amounts to the replacement (p 0 , p 1 ) = (ip
. The Euclidean counterparts of (2.8) and (2.9) thus are
We shall also use the notation
"scalarized Schwinger function of O" entering the second line is
Notice that the spectral density ρ(µ) and hence the function I(z) is the same in the Minkowski and in the Euclidean situation. Given either ρ(µ) or I(z) for a specific operator all two-point functions can be computed -scalarized and physical, Minkowski and Euclidean ones.
As an example consider the case of the energy momentum (EM) tensor. It is of additional interest, because its spectral density is closely related to the Zamolodchikov C-function. In 1 + 1 dimensions, the symmetric and conserved EM tensor can always be parametrized in terms of a non-local scalar field τ , the "EM-potential"
The defining relation (2.2) for the scalarized EM form factors thus reads
and the scalarized form factors can be interpreted as that of the scalar field τ . Using (2.6) the spectral representation of the Minkowski two-point function is 15) and similarly for the time-ordered two-point function. Their analytic continuations to x 0 = −ix 2 coincide and yield the Schwinger function according to the rules (2.11), (2.12)
The lightcone components correspond to the SO(1, 1)-irreducible pieces. In particular T ++ and the trace t = 2T +− have polynomials L ++ (p) = −p 2 + and 2L +− = p 2 respectively.
Combining (2.7) and (2.6) one finds for the behavior at small spacelike distances 17) where the dots stand for less singular terms whose form is model-dependent. The coefficient c is given by c = 12π
and coincides with the central charge of the Virasoro algebra in the conformal field theory describing the UV fixed point of the model. This latter fact is part of the statement of Zamolodchikov's C-theorem [18] . 2 The proof of the C-theorem is particularly transparent from the viewpoint of the spectral representation in the Euclidean case [19] . In particular using (2.16), (2.12), the properties of the modified Bessel functions and the definition (2.18) it is easy to arrive at the "C-theorem sum rule" [20] for theories with a mass gap
where t(x) t(0) is the Euclidean correlator of the trace.
Asymptotic expansions
Suppose that in a QFT the validity of asymptotically free perturbation theory has been established in the sense outlined in the introduction. Then PT allows one to compute the asymptotic expansion of the Fourier transform of the two-point functions for large Euclidean momenta. This can be translated into the language of the spectral density using the defining equation (2.10) . Motivated by the asymptotically free case, we define ι(ξ) by
and R(ξ) by
Using the relation (2.10) we can compute the asymptotic expansion of R(ξ) in terms of ι(ξ) and its derivatives:
ζ(2) and all the numerical coefficients H 2s+1 are polynomials in
In (2.21) the symbol≈ signifies that both sides of the equation have the same asymptotic expansion in 1/ξ, i.e. their difference is smaller than any power of 1/ξ for large ξ. In addition to the asymptotic relation (2.21), there is a relation between the integral of R(ξ) and the leading term in the asymptotic expansion of ι(ξ) (provided, of course, both are finite):
In perturbation theory the asymptotic expansion is usually given with the help of some running coupling constant, in terms of which the expansion is a power series and which goes to zero as the momentum goes to infinity. There are many functions having these properties. A simple and convenient choice is e(ξ) defined by 24) where the parameter κ is related to the first two beta function coefficients of the model. We shall refer to e(ξ) as the universal running coupling function because only the universal part of the beta function enters its definition. Any other running coupling function can then be expressed as a power series in e(ξ). In particular this would hold for the latticemeasurable running coupling (for various possible definitions of the latter, see [21] ).
If the expansion of the function ι starts off at the p th power of e ι(ξ)≈ ι 0 e p + ι 1 e p+1 + ι 2 e p+2 + · · · (2.25) using (2.21) we can write
O(3) Nonlinear Sigma-Model
The O(3) non-linear σ-model is asymptotically free in perturbation theory and admits an exact on-shell solution via the the bootstrap method. The asymptotic single particle states are assumed to consist of an O(3) triplet of massive particles with mass m: |a, θ , a = 1, 2, 3. In this paper we will study the properties of the four most interesting local operators in the O(3) model: The spin field Φ a , the Noether current J a µ , the EM tensor T µν and the topological change density q. In the following we shall discuss these four operators consecutively.
Spin field:
We normalize our spin field operator Φ a (x) by
Φ a is proportional to the Lagrangian field renormalized in (say) the MS scheme
where ζ is some unknown finite renormalization constant. The n-particle form factor of Φ a is defined by
Here we introduced the normalization factor 2/ √ π for later convenience (c.f. section 3.2). The subscript '1' on the r.h.s. indicates that under an O(3) rotation these functions are intertwiners 3 ⊗n → 3 onto the irreducible representation 3 of isospin 1. Only the odd particle form factors are non-vanishing because Φ a is odd under the internal parity reflection of the O(3) variable. In addition they depend only on the rapidity differences. As a consequence one can write
The spectral density is given by
From ρ spin (µ) or its Stieltjes transform
all two-point functions of the Spin field can be computed.
For example the Schwinger function is
In the time-ordered Minkowski two-point function −iI spin (−p 2 − iǫ) would enter. The normalization (2.28) is thus equivalent to the usual (re-)normalization condition on the Fourier transform of the time ordered Minkowski two-point function
It also implies that for large (spacelike) distances all two-point functions decay like in the free theory. In particular for the Schwinger function this means
We will later determine the spin-spin spectral density and two-point function by the form factor bootstrap method. We will then be able to compare their asymptotic behavior with the results obtained in perturbation theory. We shall denote the universal running coupling function for the O(3) model by α(p), which is defined as in the previous subsection to be the solution of 1
(The κ parameter of (2.24) is equal to unity for the O(3) model.) Perturbation theory at 2-loop order predicts for the large p asymptotics [22] 
Here the overall constant λ 1 is related to the unknown finite renormalization in (2.29), while the parameter ξ 0 gives the connection between the perturbative mass parameter Λ MS and the exact mass gap m. In the O(3) model the latter is known exactly [16] :
Finally, using the results (2.25), (2.26) and (2.27) we obtain the perturbative prediction for the asymptotic expansion of the spin-spin spectral density
In section 5 we shall find the value of the undetermined non-perturbative constant λ 1 to be
Note that the perturbative series for both the Fourier transform and the spectral density contain integer powers of the running coupling only. This fact, which will play an important role in what follows, is a special feature of the O(3) model, since for the otherwise rather similar O(N) models with N > 3 one has
Noether current: In terms of the Lagrangian variable the Noether current is
In the QFT we fix the normalization such that its time components satisfy the equal time commutation relations
In 1 + 1 dimensions a conserved current can always be parametrized in terms of a (nonlocal) scalar field, the "current potential" j a via
The scalarized form factors of J a µ can be identified with that of the field j a . Their defining relation is
where L µ (p) = −iǫ µν p ν . Note that no confusion can arise here from using the same symbol
as in (2.30) since there it is defined for an odd number of particles only. We also note that (2.44) fixes the residue of the two-particle form factor
If we now extend the definitions (2.31), (2.32b) for even values of n as well, the spectral density in the case of the Noether current is given by 
Perturbation theory predicts for the Fourier transform [23] 
and, using (2.25), (2.26) and (2.27), for the spectral density
Topological charge density: In terms of the Lagrangian variable the topological charge density reads
We shall use a different symbol for its Euclidean version . This extra factor of −i, which is a consequence of the linearity of q in the time derivative, is responsible for the important fact that the Euclidean two-point function of k is a strictly negative function for all non-zero Euclidean distances.
A result of the form factor approach is that the topological charge density operator can be parametrized in terms of a dimensionless non-local scalar field Φ as follows (c.f. section 3)
The scalarized form factors of q can be identified with that of Φ. Their defining relation is
The subscript '0' indicates that under an O(3) rotation these functions are interwtiners 3 ⊗n → 1 onto the singlet (isospin zero) irreducible representation. The normalization of the topological charge operator between physical states of fixed particle number is not known a priori. In section 5 we shall determine the nonperturbative normalization constant to be
Introducing the squares
we can write the spectral density for this operator as
Finally if we define I top similarly as in (2.33), the Euclidean two-point function of the Euclidean topological charge density is given as
Perturbation theory predicts
where ι top 0 , being the coefficient of a contact term in the two-point function, cannot be calculated in PT.
Energy-momentum tensor:
Since we already discussed the EM tensor in section 2.1, here we can be brief. From the Lagrangian one obtains
In the QFT we fix the normalization such that the Hamiltonian ∞ −∞ dxT 00 (x) has eigenvalue √ p 2 + m 2 on an asymptotic single particle state of momentum p. The scalarized form factors can be identified with that of the EM-potential τ as introduced in (2.13). To fix the notation we repeat their defining relation
with L µν (p) as in (2.13). Again we can use the same symbol here as for the scalarized form factors of the topological charge density since the latter are non-vanishing only for odd particle numbers. The above normalization of T µν corresponds to the following constraint on the scalarized two-particle form factor
If we now extend the definitions (2.57) and (2.58b) for even values of n, we can write
and define I EM in terms of ρ EM (µ) as in (2.10). The various two-point functions can then be computed along the lines described in section 2.1.
Finally the perturbative results for the EM tensor are:
In addition, the integral of the spectral density is constrained by (2.23): 
Results for the O(3) form factors
In this section we collect our results for various O(3) form factors, form factor squares and their properties and we give an exact expression for the asymptotics of the n-particle spectral densities. We refrain from going into the details of the derivation and giving proofs, which can be found in [7] .
The most remarkable feature of the NLS model is its integrability. Assuming asymptotic freedom one can establish the existence of non-local conserved charges and the absence of particle production [24] . The matrix elements of the non-local charges between physical particle states together with the O(3) symmetry determine the S-matrix up to a CDD ambiguity, and the result agrees with that obtained from the S-matrix bootstrap [25] . For an overview of these issues see also [26] . The O(3) bootstrap S-matrix has been tested (at low energies) in lattice studies [27] and used as an input for the thermodynamic Bethe Ansatz (TBA) to compute the exact m/Λ ratio [16] . As a by-product of the TBA considerations the CDD ambiguity can be resolved. The construction of the nonlocal charges has been extended to the full quantum monodromy matrix in [28] . More recently the algebraic structure underlying these non-local charges has been considerably generalized [29] and has also been identified directly in the context of the form factor bootstrap [30] .
The Form Factor Bootstrap method was initiated in [8] and has been further developed by Smirnov [31, 9] . Using the exact S-matrix as an input the form factors get constructed as solutions of a system of functional equations known as Smirnov axioms. These equations recursively relate the n-particle form factors to the (n − 2)-particle form factors and (provided the S-matrix also has bound state poles) to the (n − 1)-particle form factors. The method is reviewed in Smirnov's book [9] and, for the special case of the O(3) model, in [23, 32] .
Reduced form factors
Let us recall the simplest nontrivial case, i.e. the result for the 2-particle scalarized form factor of the Noether current [8] :
Here the normalization condition (2.47) has been taken into account. The product of the 2-particle solutions for all possible pairs of rapidity differences,
will play an important role in what follows. Actually, if there were no internal indices, (3.3) would be a solution for the n-particle case. All the following complications (absent in integrable models with diagonal S-matrices) are due to the presence of these internal quantum numbers. Using (3.3) we can define the reduced form factors g and similarly for the TC density & EM tensor operators as
The first few reduced form factors are
where the normalization conditions (2.28), (2.47) and (2.63) have been used. Note that we have not found the normalization condition for the topological charge density operator yet. Its lowest reduced form factor (3.6d) was chosen here to satisfy the clustering relations in the form described below. The still unknown normalization of the physical operator is given by (2.55).
What makes the reduced form factors useful is the fact that (with the notable exception of the 2-particle form factor of the EM tensor (3.6c)) they are all polynomial in the rapidities, with specified total degree N(n) and partial degree p(n) given by [14] 
By partial degree we mean the degree in an individual rapidity variable and l = 0, 1 correspond to the isospin 0 and 1 families, respectively. Expressions for the O(3) form factors were first written down in [31] . Exploiting their polynomiality and the intertwining property, they were recast in [23, 32] into a form more suitable for practical purposes.
The fact that suitable reduced form factors are polynomials in the rapidities is a special feature of the O(3) model that fails to hold for the higher O(N), N > 3 models and which considerably facilitates their explicit construction. We have computed the form factors for both families of operators (Spin & Current and TC density & EM tensor) up to 6 particles. The complexity of these reduced form factors grows very rapidly with the particle number, because the number of components (with respect to the internal quantum numbers), the number of independent rapidity differences and the degree of the polynomials all grow very fast with increasing particle number. For 5-and 6-particles the polynomials are already too large to be communicated in print.
1 Below we complete the list (3.6) for up to 4 particles:
Spin & Current:
where u = θ 32 , v = θ 31 .
1 For example the 6-particle polynomial of the current has about 3.4 Mbytes, i.e. about 700 A4 pages.
EM tensor & TC density:
Here we used the shorthand notation θ ij for θ i − θ j .
Clustering properties
A remarkable property of the form factors is asymptotic clustering. If we divide the set of rapidities into two disconnected clusters and boost one of them with respect to the other, for asymptotically large boosts the form factors factorize into a sum of products of form factors corresponding to the two clusters separately. In formulae
and similarly
Note that in (3.8) members of the isospin 1 family are mapped onto themselves, while in (3.9) members of the isospin 1 family are linked to members of the isospin 0 family. Observe also that there is no distinction between even and odd members of the same family, their factorization properties are the same. Thus even and odd members of the two families are very closely related. We already anticipated this close interrelation (again a special O(3) property) by using the same notation for even and odd form factors and we introduced the non-perturbative constants 2/ √ π and λ 0 in (2.30) and (2.55) respectively in order to have this simple form for (3.8) and (3.9).
For the special case of k = 1, m = n − 1 the clustering relations read
from which one sees that the reduced form factors are polynomials of partial degree (n−2) and (n − 3) in the isospin 1 and 0 case, respectively.
Since the product (3.3) also factorizes under clustering, the full (scalarized) form factors also satisfy clustering relations, which are similar to (3.8) and (3.9). For the l = 1 family they can be found in Smirnov's book [9] . Similar clustering relations were recently discussed in [33] .
The clustering relations closely resemble some classical equations satisfied by our operators. For example dividing an even number of particles into two odd clusters, (3.8) can be interpreted as the quantum counterpart of (2.43), the classical definition of the current in terms of the spin operators. (Remember that we are dealing with scalarized objects so that all information on the Lorentz structure is lost.) The division of an even number of particles into two even clusters, on the other hand, resembles the classical relation
Finally the clustering of an odd number of particles corresponds to
Similarly, (3.9) corresponds to the defining equation (2.61) or either of
Form factor squares
The quantity entering the spectral densities and two-point functions is the absolute square of the form factors, summed over the internal symmetry indices. For the reduced form factors the corresponding quantities are
(3.14)
Here are the results for the first few reduced form factor squares: The reduced form factor squares G (n) l (l = 0, 1) are symmetric, boost invariant polynomials of total degree n 2 − 3n + 2l and partial degree 2(n − 3 + l). They satisfy the clustering (3.16) is readily translated into the corresponding statement about the full form factor squares (2.31) and (2.57)
Next we discuss two further properties of the polynomials G (n)
l . First we present an explicit formula for the overall leading terms of these polynomials, i.e. the terms with the maximal total degree, which is n 2 − 3n + 2l. These overall leading terms are given by
Here the summations range over all elements of the permutation group S n and the functions P 0 and P 1 are defined as
respectively. These overall leading terms G (n) l;0 by themselves satisfy the clustering relations (3.16). An equivalent expression for the leading terms (3.18) was obtained by H. Lehmann [34] .
The second property concerns the analytic continuation of the squares G (n) l to complex rapidities. For real, physical rapidities the polynomials G (n) l are real-valued and positive. Being polynomials one can also evaluate them for complex rapidities θ i . In particular they turn out to vanish if two consecutive rapidity differences are both equal to iπ
vanishes also at all other points in rapidity space obtained from the one in (3.20) by permutation of the arguments.
Since the form factor squares -not the form factors themselves -are the objects entering the physically interesting quantities through the spectral representation it would be desirable to obtain them directly, without having to go through the tedious procedure of first computing the form factors and then squaring them. Indeed, for the first few n the information collected in this subsection is sufficient to determine G (n) l directly. However, for particle numbers 5 and 6, although these constraints -permutation symmetry, boost invariance, given total and partial degrees, given overall leading terms, clustering and the vanishing at points (3.20) -almost uniquely determine the solution, but not quite. So in these cases we had to work out the solution the tedious way. We hope to find additional general properties of the squares that will determine them completely. In the appendix we list the results for the form factor squares for the EM tensor & TC density and Current & Spin series up to 6 particles.
Asymptotics of spectral densities
Let us now turn to the computation of the spectral densities for the four operators under consideration. The n-particle contributions are
The integration in (3.21) can be done numerically. The graph of the resulting n-particle spectral densities is roughly 'bell-shaped': Starting from zero at µ = mn they are strictly increasing, reach a single maximum and then decrease monotonically for large µ. Some typical plots can be found in [14] .
Of particular interest is the µ → ∞ asymptotics of the spectral densities. One can show that an important consequence of the clustering relations (3.17) is the following expression for the asymptotic form of the n-particle spectral densities
where the constants A (n) l are computable from the integrals of the lower particle spectral densities. The integrals are 23) and in terms of them the decay constants A (n) l are given by 
1 := π/4. Note that (3.24) implies that the A (n) l are strictly increasing with n. This implies that for sufficiently high energies the nparticle contribution overtakes the (n − 2)-particle contribution, i.e.
for µ > µ n , where ρ (n) (µ n ) = ρ (n−2) (µ n ); although the maximum of ρ (n) (µ) is expected to be much smaller than the maximum of ρ (n−2) (µ) (c.f. section 4). This is the "crossover phenomenon" observed in [14] for low particle numbers. Although (3.22) is an exact asymptotic equation, the way how the asymptotic behavior is approached is highly nonuniform in the particle number. That is to say, with increasing n one has to go to larger and larger µ in order to make the right hand side of (3.22) a good description of the function ρ
A consequence of the crossover is that the asymptotic behavior of the exact spectral density (being the sum of all even/odd n-particle contributions) cannot be obtained by naively summing up the right hand sides of (3.22) , which in fact would be divergent. This divergence signals that the infinite series has a more singular high energy behavior than each of its terms separately. Indeed, according to PT, the high energy behavior of the full spectral densities is 25) where the values of the various decay constants can be read off from the equations (2.40), (2.51), (2.60) and (2.65). Clearly a finite number of terms, each decaying according to (3.22) can never produce the more singular UV behavior of (3.25) . It is therefore a major challenge to develop re-summation techniques for the spectral resolution and, for the reasons outlined in the introduction, compute the UV properties independent of PT. We shall meet this challenge in section 5.
Results for the two-point functions
Knowing the form factor squares the evaluation of the n-particle contributions to the spectral densities and the two-point functions is in principle straightforward. For the spectral densities the integrations in (2.32b) and (2.58b) can be done numerically to good accuracy. Throughout we used an accuracy of 10 −3 for all numerical computations. For comparison with PT and MC data it is useful to consider the Fourier transform I(p) of the two-point function, which can be computed from the spectral density via (2.10). Of course I(p) again decomposes into a sum of n-particle contributions of which in practice only the first few are known explicitly. It is important that an intrinsic estimate for the error induced by this truncation can be made, i.e. one which does not rely on comparison with other techniques.
To discuss this qualitative error estimate let us first note some general features of the n-particle contributions to the spectral densities. As remarked before the graph of an nparticle spectral density is roughly bell-shaped: Starting from zero at µ = mn it is strictly increasing, reaches a single maximum and then decreases monotonically, the µ → ∞ asymptotics being given by (3.22) . With increasing particle number n the values of the maxima rapidly decrease. Generally speaking the maximum of ρ (n) (µ) is smaller by 1.5 to 2.5 orders of magnitudes compared to the maximum of ρ (n−2) (µ), while its position is shifted to higher energies. Nevertheless at sufficiently high energies the nparticle contribution overtakes the (n − 2)-particle contribution, i.e. ρ (n) (µ) > ρ (n−2) (µ), iff µ > µ n , where ρ (n) (µ n ) = ρ (n−2) (µ n ) [14] . For n ≤ 6 the positions and the values of the maxima are listed in Table 1 below. The results for the points of intersection (µ n /m, ρ (n−2) (µ n ) = ρ (n) (µ n )) are as follows: It is natural to assume that the general trend depicted by these numbers continues to hold at higher particle numbers; a quantitative form of this assumption will be presented in section 5. Here already the qualitative features (µ n increasing; maxima decreasing) are sufficient to conclude that the point of intersection µ n provides an intrinsic measure for the quality of the approximation made by truncating the form factor series at the n-particle term: Since µ n+2 ≫ µ n the (n + 2)-particle contribution can safely be ignored up to energies µ < ∼ µ n in the sense that the correction to ρ (2) (µ) + . . . + ρ (n) (µ) for µ < ∼ µ n should be at most a few per mille. Thus, the form factor series truncated at 6 particles should provide results accurate to within a few per mille for the spectral density at least up to energies 7 · 10 3 m for Spin and TC and 5 · 10 5 m for Current and EM. It is not hard to see that for the functions I(p) related to ρ(µ) by the Stieltjes transform (2.10) this implies accurate results for somewhat smaller ranges, about p < ∼ 10 3 for the Spin and TC cases and about p < ∼ 10 4 for the Current and EM tensor. Both of these energy/momentum ranges exceed that accessible through MC simulations by several orders of magnitudes.
Below we shall restrict attention to the Spin field and the Noether current. In both cases it is convenient to consider the low-and the high energy region separately. In the low energy region non-perturbative effects are expected to become important. Here Monte Carlo simulations provide an alternative non-perturbative technique to probe the system [27, 35, 36, 15] . Simulations for the two-point functions were made [15] using a Wolff-type cluster algorithm [22] on a 460 square lattice at inverse coupling β = 1.80 (correlation length ξ = 65.05). A comparison between form factor results, MC data and PT in this low energy region is shown in Figures 1 and 2 for the Spin and Current case, respectively. The normalization of the PT curve is fixed according to (2.41).
The agreement between the MC data and the form factor results is excellent. In the Spin case the statistical errors of the MC data are less than the size of the dots in Figure  1 . Above 30m they have a slight tendency to lie below the form factor curve, which (comparing e.g. with the data at β = 1.7) can be attributed to the still finite correlation length. The 1 + 3 ff curve is left out in Figure 1 as it coincides with the 1 + 3 + 5 ff curve below 30m and (incidentally) with the PT curve above 40m. In the Current case the statistical errors are larger but within the errors the agreement with the form factor curve is perfect. One also sees that for energies between 30 and 45 the PT curve runs almost parallel to the MC data in Figure 2 . Without the guidance of the form factor result one would thus be tempted to match both curves by tuning the Lambda parameter appropriately. Doing this however, the Lambda parameter comes out wrong by about 10% (from below), as compared with the known exact result [16] . Generally speaking one sees that a determination of the Lambda parameter (accurate to within 1% say) from MC data and (2-loop) PT alone is difficult because some assumption about the onset of the 2-loop perturbative regime enters. It remains difficult even after 3-loop effects are taken into account [37] . To investigate the onset of a perturbative regime let us now consider the high energy regime of the same quantities.
In Figures 3 and 4 again the Fourier transform I(p 2 ) of the 2-point function of the Spin field and the Noether current are shown, computed once in 2-loop PT and once via (2.10) by truncation of the form factor series. In the spin case the normalization of the PT curve is fixed according to (2.41), so that as in the current case no free parameter enters the comparison. Let us define the perturbative regime to be the energy range for which the 2-loop PT and the truncated form factor curve coincide within 1%. In both the Spin and the Current case a large perturbative regime is found to exist. Having fixed m/Λ and λ 1 no adjustable parameters enter the PT results. The very existence of such a perturbative regime thus supports the proposed value of m/Λ as well as the exact value of the normalization constant (2.41). In the Spin case the 2-loop perturbative regime is about 50 < ∼ µ/m < ∼ 5000 and in the current case it is about 100 < ∼ µ/m < ∼ 2 · 10 4 . The lower bound of this interval will remain unaffected when higher particle form factor contributions are taken into account and thus is a genuine feature of the O(3) model. Notice however that the onset of the 2-loop perturbative regime occurs at much higher energies (50 − 100 times the mass gap) than is sometimes pretended in the 4-dimensional counterpart of this situation. Probably this should be taken as a warning in 4-dimensional gauge theories.
The upper bounds µ ≈ 5000 for the (1 + 3 + 5)-particle Spin curves and µ ≈ 10 4 for the (2 + 4 + 6)-particle Current curve are fully consistent with the intrinsic estimate for the validity of the truncated form factor results given at the beginning of this section. These upper bounds of the perturbative regime, of course, are expected to move up as higher particle form factor contributions are taken into account. Indeed, the hypothesis of asymptotic freedom is that they approach infinity, so that the entire high energy regime is perturbative. As emphasized in the introduction, the issue of asymptotic freedom can only be addressed if the high energy properties of the theory can be explored by means of a reliable technique independent of PT. Guided by the form factor results we formulate in the next section a conjecture about the structure of the n-particle spectral densities for general n. Assuming the validity of this conjecture the extreme UV behavior of the two-point functions can be computed.
Scaling Hypothesis for Spectral Densities
The n-particle contributions to the spectral densities appear to follow a remarkable 'selfsimilarity' pattern. Suppose the scalarized n-particle spectral density of one of the four local operators considered to be given. Can one -without actually doing the computation (which for large k is practically impossible) -anticipate the structure of some k > n particle spectral density? We propose that the answer is affirmative and for large n and λ > 1 is given by
where m is the mass gap and the exponents γ and α are given below. Taking λ = n+2 n for example yields a candidate for the (n + 2)-particle spectral density. In the following we shall first give a precise formulation of the scaling law (5.1) and present evidence for it. In section 5.2 we then promote (5.1) to a working hypothesis and explore its consequences. The results obtained have an interesting interplay with both PT and non-perturbative MC data. All pieces of information are found to be consistent, which we interpret as further supporting the hypothesis.
Evidence for Self-similarity and Scaling
Since the leading asymptotics of the spectral densities is given by 1/µ it is useful to consider µρ (n) (µ) instead of ρ (n) (µ). Further a logarithmic scale is convenient so that we are lead to introduce
Here l = 0, 1 as before correspond to the EM tensor & TC density and Spin & Current series, respectively. The graphs of these functions are again roughly 'bell-shaped': Starting from zero at x = ln n they are strictly increasing, reach a single maximum at some
> ln n and then decrease monotonically for all x > ξ l ) are two important characteristics of the function, and hence of the spectral density. For n ≤ 6 these data are collected in Table 1 .
The content of the scaling law (5.1) is most transparent if the ordinate and abscissa of the graph are rescaled such that both the value and the position of the maximum are 
R (n)
l (x), l = 0, 1: Its integral, its first, respectively minus first moment, and the strength of the asymptotic decay. In formulae
In practice of course one will evaluate the constants c (n) l and h (n) l directly as (n − 1)-fold unconstrained integrals, as in (3.23), rather than first computing the spectral densities and then evaluating their moments. For n ≤ 6 the results for these constants are listed in Table 2 . Table 2 : Integrals, ± first moments and decay constants n c In addition one has c To this end we introduce the corresponding quantities for the universal shape functions
For large enough n we can approximate R (n)
l (x) pointwise and w.r.t. the moments by
Two important constraints arise from the non-linear relations (3.24) for the asymptotic decay constants A (n)
l . Combined with (5.9) this yields the following relations among the parameters
0 . To arrive at (5.10a) we approximated
which is valid for large n. The exponents γ l are determined in terms of α 0 and α 1 , which will later turn out coincide
Re-inserting (5.10) and (5.11) into (5.9) one arrives at a simplified set of scaling relations.
In particular 12) are predicted to scale linearly with n. The same holds for the following two ratios, which provide a convenient way to determine the remaining exponent α from the slope of the linear function
The predicted linear scaling in (5.12), (5.13) appears to be satisfied fairly well even for small n = 4, 5, 6 as is illustrated in Figure 7 . Table 1 . They are similarly convincing; we refrain from displaying them.
Summation of n-particle contributions
Having at hand candidate expressions for the n-particle spectral densities as given in (5.8) one can evaluate their sum. Suppose that for n < n 0 the n-particle spectral densities have been computed explicitly; in our case n 0 = 7. Decomposing the sum 16) we wish to evaluate the second term. Using (5.8) the sum can be expressed in terms of a suitable integral transform of the shape function Y l (z). Here we shall need only the large x asymptotics of the sum, in which case it is sufficient to approximate the sum over n by an integral. One finds for the large x behavior 17) where the corrections are at least one power down in x. Clearly the physical spectral densities can be evaluated similarly; summing only over odd/even particle numbers will simply result in an extra factor 1/2 in the asymptotic expression (5.17). In particular in the isospin 1 case the exponent γ 1 = 1 yields the asymptotics R 1 (x) → A 1 . One can show that the asymptotics of R 0 (x) must always be down by two orders in x, compared to that of R 1 (x). This is related to, although not a direct consequence of (3.22) . One concludes that the x → ∞ asymptotics in the isospin zero case must be
Comparing with (5.17) this requires α 0 = α 1 , as claimed before. Moreover one obtains the relations 20) which is the announced result (2.56). Consistency then requires that the numerical value for A EM computed via the scaling hypothesis coincides with the perturbative value. Combining (5.14), (5.15) and (2.65) one finds
Note that here the matching between full and perturbative dynamics already concerns a 1-loop coefficient and is accurate to 1%. Again this cuts both ways, supporting the validity of PT and/or our scaling hypothesis and thus also the proposed normalization constant λ 0 = 1/4 of the topological charge density operator. 1 The extrapolation based on the scaling hypothesis contains a (neglegible) numerical error as well as a systematic error. The latter is due to the uncertainty introduced by doing the fits for moderately large particle numbers n=4,5,6. In principle there may also be subleading (not powerlike) terms in the scaling laws (5.5). A rough feeling for the size of the systematic errors can be obtained by ad-hoc changing α in (5.14) to α = 0.25. One finds (A curr ) SH = 1.026/3π; (A EM ) SH = 1.008/4π; c SH = 1.998.
Finally consider the central charge as defined in (2.18). In the spectral resolution it again decomposes into a sum of n-particle contribution. The first few terms are given in Table 2 , i.e. Here we also used the ordinate of the linear fit. (Tree level) PT predicts c P T = 2, corresponding to the two unconstrained bosonic degrees of freedom. The form factor computation shows that this is compatible with the non-perturbative low energy dynamics of the model and provides further support for the scaling hypothesis (see the footnote on page 38). An alternative non-perturbative consistency check is provided by the thermodynamic Bethe Ansatz [38] and also yields c = 2. Let us point out that the value c = 2 does not carry much information about the nature of the UV limiting CFT. For a number of reasons it cannot be the Gaussian c = 2 model.
Towards the exact two-point functions
The scaling hypothesis also allows one to numerically compute the two-point functions at all energy/length scales. In coordinate space this simply amounts to performing the integral in the spectral representation, once the full spectral density is available via (5.16) and (5.8). In momentum space one can combine eq. (2.10) and (5.8) to evaluate the sum over all n-particle contributions to the functions I(p), basically giving the Fourier transform of the two-point function. The results will be described in [39] .
Conclusions
In this paper we studied the two-point functions of the four physically most interesting operators in the O(3) NLS model. We have chosen the O(3) model because it is the simplest 2-dimensional theory that resembles in many aspects QCD. Concerning the onshell features various exact results, in particular the exact two-particle S-matrix are known [25, 24] , due to its remarkable integrability properties. On the other hand there exist a large number of MC studies of the model [27, 22, 35, 15, 36] , not making use of this integrability. Here we employed the form factor bootstrap method for integrable QFTs to compute off-shell features that can be compared both with PT and with MC data. A simplifying feature of the O(3) model (as compared, say, to the higher O(N) models) is that the computation of the form factors is relatively straightforward due to their essentially polynomial nature. Once the form factors are known, the two-point functions can be evaluated in terms of a spectral resolution; that is as an infinite sum where multiple integrals of the squares of the n-particle form factors enter, the sum running over all particle numbers n. In practice one has to truncate this infinite sum after the first few terms. In models with a diagonal S-matrix and a power-like approach of the UV limit, application of this technique showed extremely fast convergence of the truncated sum [10, 11, 12] . 1 In an asymptotically free theory one expects less fast convergence, because the approach to the asymptotic form is only logarithmic. Thus, in order to really check the validity of PT (which has been questioned [3, 4] ) we needed to extrapolate our results beyond the largest particle number, presently 6, for which we carried out the computations explicitly. The extrapolation was based on a novel scaling hypothesis. Using this hypothesis we have been able to compute the extreme UV properties independent of PT. Remarkably we found very good agreement with PT: Within 1% for a RG improved tree level coefficient in the case of the Current and also within 1% for a RG improved 1-loop coefficient in the case of the EM tensor. This is very strong evidence for PT. The agreement between our extrapolated data and PT also indirectly confirms the proposed exact value of the perturbative Λ parameter [16] . On the basis of the evidence presented in section 5 we regard this scaling hypothesis as very plausible, although an analytical proof remains to be found and would be highly desirable. On the other hand, the nature of this hypothesis is completely independent of the assumptions underlying the derivation of the usual RG improved expressions based on PT, so that the agreement of the results is still remarkable.
A further result is the exact determination of two, previously unknown, non-perturbative constants λ 0 and λ 1 . Using the values of these numbers, we can write the exact 3-particle matrix element of the properly normalized topological charge density operator q(x) as 0| q(0) |a 3 , θ 3 ; a 2 , θ 2 ; a 1 , θ 1 = π where m is the mass gap and r = x . Note that the values of the overall constants in (6.1) and (6.2) follow from the scaling hypothesis alone, we do not need here the results of any numerical fitting procedure.
Finally we remark that our scaling hypothesis may be viewed as a 2-dimensional analogue of the KNO scaling [40] in QCD. We also expect that scaling hypotheses of a similar type can be formulated in many other 2-dimensional models, giving simultaneous access to their off-shell properties at all energy/length scales. polynomials in the rapidities and therefore conveniently described in terms of a basis in this space of polynomials.
Let P (n) (N, p) denote the space of homogeneous symmetric polynomials in n variables that are of total degree N and partial degree p. By partial degree we mean the power with which an individual variable enters. A basis for P (n) (N, p) can be obtained as follows.
The overall leading terms G (n) l;0 (θ) are given in (3.18). Below we list the results for the polynomials G
